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specific numerical associations between two d reproductive process), many combinations can cally produced from stored rules, procedures, or structive processes).
VIEWS ON MASTERING THE NUMBER COMBINATIONS
One view of arithmetic learning that arose early in this century wa "drill theory," a product of associative theories of learning. This th assumed that (a) children must learn to imitate the skills and knowled adults; (b) what is learned are associations or bonds between otherw unrelated stimuli; (c) understanding is not necessary for the formation of s bonds; and (d) the most efficient way to accomplish bond formation is dr (Brownell, 1935) . Because drill theory assumed that adults retrieved numb facts from associative memory, the goal and method of instruction were cl Children must form and strengthen bonds between two digits and, for ad tion, their sum (Thorndike, 1922) . Such links or associations are stren ened largely by means of repetition.2
Drill theory proponents did not consider as important vehicles for mast ing the number facts, children's counting strategies, discovery of relation ships, or invented procedures (devices for reasoning out sums, differe etc.). Indeed, counting and invented procedures were viewed as hindrances-as attempts to evade the real work of "memorizing" the number facts. For example, Wheeler (1939) explained the relative difficulty of large number facts this way:
As the size of the addend seems to be the general factor in causing the differences in the difficulty ranking, we wonder if the children are not computing the sums by physical or mental counting, a crutch which is probably developed in the child while building the number concepts [italics added]. Psychologically the child should be able to learn 5 + 4 = 9 as easily as 2 + 3 = 5. (p. 311) Similarly, Smith (1921) considered invented procedures an impediment to learning the facts:
Another pupil required a long time for the sum of 6 and 9. He explained his process as follows: "6 and 10 are 16; 6 and 9 are 1 less than 6 and 10; then 6 and 9 are 15." He had to think through a similar form every time any number was added to 9 and of course gave much slower responses. . . . We should be careful about letting pupils acquire forms or roundabout schemes for 2Thorndike's (1922) association theory of number fact learning was actually more sophisticated than this basic model. He argued that frequency of practice was not sufficient to account for number fact learning. He argued that bonds should not be formed independently-that instruction should be organized so as to build on earlier, related learning. In addition to readiness, Thorndike argued that internal factors such as interest play a role in learning the number facts. Moreover, rather than recommend forming bonds for each individual fact, he appeared to advocate the learning of rules-albeit in other terms. For example, he noted that "the facts are best learned once for all as the habits '1 times k is the same as k' and 'k times 1 is the same as k' " (pp. 144-145). It is not clear, however, whether he was also advocating the use of the commutativity principle or just the learning of two rules (one for N x 1 and another for 1 x N). securing a result in the lower grad (pp. 764-765) In sum, drill theory propo network of automatic assoc Early in this century, ano learning was advanced (see, & Judd, 1925 Trivett, 1980) . Some research (e.g., Brownell 1984; Swenson, 1949; Thiele, 1938; Thornton, 1 children "thinking strategies" is more effective th ing, retention, and transfer of basic combination Olander (1931) found that children who studie subtraction combinations had the same level of who studied 100 combinations for each operation; transferred their learning almost completely to t for each process. Apparently the children in the learn isolated numerical associations but relati they could generalize to new problems.
Yet many educators still believe that learning th tions is essentially a straightforward, rote mem complished quickly. Indeed, curriculum guides fr quickly children should master the combinations. Moser, 1983 Moser, , 1984 Lankford, 1974; Woods, R that all families of basic addition or subtraction combinations are not mastered in one year's time (e.g., Baroody, 1983; . Duckworth (1982) wisely points out that most things worth knowing take a long time to learn and that teacher training needs to reinforce this point. Such advice is appropriate even when we consider the teaching and learning of basic skills such as the efficient production of number combinations.
VIEWS ON MENTAL REPRESENTATION
Today it is commonly assumed that, over the course of developmen children replace slow counting procedures and thinking strategies (ineffici reconstructive processes) with rapid fact retrieval (an efficient reproductiv process) in order to do simple mental arithmetic (e.g., Ashcraft, 1982; I Ames, 1951; Resnick & Ford, 1981) . Though a number of models (e Ashcraft, 1982; Siegler & Shrager, 1984) have been proposed for how t number combinations are organized in an adult's memory, all share t assumption that some kind of reproductive process underlies productio the basic facts. Winkelman and Schmidt (1974) propose that addition a multiplication facts share a parallel organization. They argue that there associations between two digits (e.g., 3 + 3) and both their sum (6) an product (9). As a result of associative interference, there is a greater tende to associate 9 with 3 + 3 th 1978; Ashcraft & Stazyk, 198 represented in memory a particular fact is determin during a memory search (i.e two addends in the table).
reaction times for problems suggest a direct-access mo accessible. Those facts that the more immature countin 3That is, structural variables such as sum (a counting-all model), min (a counting-on from larger addend model), and sum squared (a tablelike retrieval model in which the mental distance between larger numbers becomes increasingly stretched) seldom significantly stand out as predictors in multiple regression analyses of chronometric data. Ashcraft, Fierman, and Bartolotta (1984) a criticism by reporting data that apparently production tasks yield compatible results ( analysis (an analysis of variance) involved problem size. Unfortunately, problem size tively crude small-sum versus large-sum b given for collapsing the data in a manner tha tasks. Ashcraft et al. (1984) also note that, though and production data are not parallel for prev they are parallel when a new predictor (a rev revised model includes accessibility as a bas combinations. Ashcraft et al. argue that acc trace strength factors such as acquisition rea recency of use. Accessibility has been propose to simple number-size rules (e.g., reaction addends increases) (Campbell & Graham, in mits association models to distinguish betw mined by number size) and the ease of gettin other learning and memory variables) (Miller To gauge this accessibility, Ashcraft propose
The more difficult the problem, the lower difficult, the higher the accessibility score. O the subjects' subjective ratings of problem di Wheeler (1939) difficulty ratings. With the W variable, the slopes for the verification a parallel.
However, it is not clear why the use of the Wheeler index is justified. Apparently, the Wheeler difficulty norms were based on the number of second graders who "mastered" each fact. Unfortunately, the criterion of success was not precisely defined. Moreover, the subjects in the Wheeler study were given a particular type of training. Though the Wheeler index correlated well with a number of other difficulty indices of its day, there is no reason to believe it was or is a definitive measure of difficulty. After all, such indices are affected by the nature of the task, age of the subjects, criterion of success, previous training of the subjects, and so forth. Unfortunately, data on the subjects' subjective difficulty ratings, which would seem a more appropriate index, were not reported by Ashcraft et al. (1984) . In brief, it still does not appear safe to assume that the verification data accurately reflect differences in the search and retrieval time of number combinations.
Clearly, one barrier in finding a clearly superior model of numbercombination representation and retrieval is the limitations of current methodolrgy. First, production and verification data are "noisy." Both tasks assume a more or less unidirectional sequence of stages or processes (e.g., see Ashcraft, 1982 ). Yet solving forward sequence of steps.
be checked for plausibility. After I helped her see that 0 was the numbe answered 6 + 0 correctly. Later in the sessio 3 + 0 with "3." A week later-without furt and automatically responded to 0 + 5, 0 + 8 (combinations without 0 were inters initially had an informal identity rule: " change the set." When she was introduced to symbol 0, she assimilated this formal mathe identity rule. The result was a formal (N zero and a number are added, the sum abstracted rule, the child then appeared (0 + N) problem quickly and accurately Thiele, 1938) . How else can the transfer combinations be explained? In all probabil to-let alone practiced-the combination "3 is not clear how association/fact-retrieval mod ior.
In contrast to current models that posit associations among specific numbers, then, the alternative model allows that efficient generation of number combinations is due, in part, to storing and using algebraic or verbal labels. Thus instead of forming and storing individual associations for 3 + 0 and 3, 0 + 5 and 5, 88 + 0 and 88, and 0 + 1 000 000 000 and 1 000 000 000, and so on, the child may abstract a relationship and summarize the relationship in algebraic terms (N + 0 and 0 + N = N) or use a (verbal) rule ("When zero and a number are added, the sum is the number"). Then when new problems are introduced, the most relevant algebraic expression or label is sought and used to reconstruct an answer. Such an economical process makes sense with an infinitely large number system.
In the case of combinations with 0 (N + 0 = N, O0 + N = N, N -0 = N, N x 0 = 0, and 0 x N = 0), the algebraic or verbal rules are relatively easy to learn. This would help to account for the observations that combinations with 0 are mastered relatively early (e.g., Groen & Parkman, 1972; Woods, Resnick, & Groen, 1975 ). Yet because of the form in which they are stored, the combinations with 0 may be particularly susceptible to performance failures. That is, because the algebraic or verbal rules are so similar, they are relatively easy to confuse. Though he referred to "designs" rather than rules, Thyne (1954) observed 30 years ago that "these designs would seem to be very 'easy' to learn-a possibility which might be expressed paradoxically by saying that it is the very 'easiness' of the zero facts which makes them so "difficult.' In other words, even young pupils can soon acquire a knowledge of how to answer zero facts in a way which is at once most consistent and most unreliable" (p. 205). Indeed, confusion in selecting among the rules is especially likely to occur in verification situations, where the stimulus (e.g., deal with combinations such as 2 -2, 9 -9, 86 -86. For combinations with terms that differ by 1 (e.g., 6 -5, 7 -6, 8 -7, or even 106 -105) , the child might realize that the answer is always 1 ("The subtraction of 'number neighbors' produces a difference of one"). Some adults may continue to use a nine rule: "A teen N minus 9 is N + 1" (e.g., 16 -9 = 7, 17 -9 = 8, 18 -9 = 9). Some subtraction combinations may be efficiently reconstructed from their addition counterparts (e.g., 10 -7 is 3 because 7 + 3 is 10) (Baroody, 1983; Carpenter & Moser, 1984; Steinberg, 1984) . In terms of the other operations, various thinking strategies (e.g., see Carpenter & Moser, 1984; Folsom, 1975; Jerman, 1970; Rathmell, 1978; Trivett, 1980) may become routinized procedures for generating some addition and multiplication combinations. Ashcraft (1982) himself notes that some people may not store or only weakly store the basic division combinations because such combinations can be generated from knowledge of the multiplication combinations. In brief, efficient reconstructive processes may play a role in more than the efficient production of 0 and 1 combinations.
IMPLICATIONS FOR RESEARCHERS
The alternative model raises the possibility that a member of a com family might be stored in the form of a specific numerical associa represented by a rule (R. S. Siegler, personal , 1984) . Very familiar combinations w might always be retrieved from a factual rep the factual representation of less familiar depend on the specific conditional probabil criterion set by the subject. As noted earlier, probably be generated from the representatio Another possibility is that reconstructive an together to generate number combinations. A a mechanical reproductive process that taps d without input from semantic or procedural m (Baroody, 1983 (Baroody, , 1984 has implied that rep processes are parallel operations-each under ent families. However, knowledge of rules specific numeral associations may, in vario number combinations (see Figure 1 ). For ex nations may be generated from knowledge of part-whole numerical relationships internaliz tion combinations (Baroody, 1983; Baro Moser, 1984) .
Indeed, existing evidence suggests that se more important than problem size in determ combination is produced. Svenson (1975) foun times increased with addend size but dropp 10) family. The relatively fast reaction tim family can probably be attributed to the emp 10 notions (e.g., a teen is a composite of a 10 press) found evidence that semantic knowledg in the generation of multiplication facts by a rate for the (N x 5 and 5 x N) family was att times problem contains 5, the product mu plausible many of the products that woul operands. Likewise, hyp vary because of the availability of redundant edge that the product of two odd numbers w information is presumably stored in semantic to account for variations in retrieval error ra press) and reaction time Stimulus , 7--55--12) of equals (e.g., see , that the construct (and the association model) take into account input from semantic and procedural memory.
Because the alternative model suggests that more than a single mental process can account for efficient production of number combinations, more elaborate chronometric analyses or even new methodologies are needed to study the development and mental representation of number combinations. Because the rules, procedures, and principles that may underlie some combination families should vary in the ease in which they are learned and executed, chronometric analyses should be done by combination families. In addition, the role of semantic knowledge needs to be more systematically examined in families that extend beyond the basic single-digit combinations.
In any case, the study of number combination learning and representation needs to go beyond chronometric approaches. Because older children and adults produce answers so quickly and existing production measurement techniques are not sufficiently accurate, systematic differences in latencies may be masked (Groen & Parkman, 1972 If the alternative model is correct, children normally do not "m and store all 400 or so basic combinations. In other words, chil learn basic number combinations as so many separate entities hundreds of feats of memory) but as a system of interrelated (Olander, 1931) . Rules, procedures, and principles become rou make mastering the basic combinations a cognitively manageabl may help to explain why one of the most significant deficits d children having difficulty with mathematics is weakness in their kn basic number combinations (e.g., Russell & Ginsburg, 1984) difficult for such children are larger combinations (e.g., Kraner, 1 1921) . Because they do not have a rich network of rules and p invent or discover a heuristic for producing (larger) number co such children are faced with the burden of memorizing many isolated facts. Learning-disabled children and others experiencing m ical difficulties may feel overwhelmed with such a chore and m trying to learn the basic combinations. The teaching of thinking strategies has been advocated to help ch learn numerical relationships and (b) foster the automatic recal facts (e.g., Brownell, 1935) .4 If the alternative model is correct objectives are more closely related than commonly thought. The en ment of thinking strategies may indeed help children to form speci cal associations. Perhaps more importantly, it may also help m and facilitate the internalization of rules, procedures, and prin 4Brownell (1935) did not address directly the issue of how the number comb represented in long-term memory once they become automatic. He clearly implie they arose from meaningful experience, habitual responses have underlying mean though, is whether habitual responses implied mechanical retrieval (reprodu network of specific numerical associations stored separately from semantic memory reconstruction drawing directly on information stored in semantic memory. underlie whole families of gests that encouraging think than the beliefs it fosters ab and use of thinking strategie ics with arithmetic (knowin more likely to appreciate the application of regularities a This is not to say that regul foster the formation of sp routinize the application of r important component of inst find relationships in order to of such knowledge (cf. Bro SUMMARY In summary, in contrast to current models that view representation of basic number combinations as a network of hundreds of specific num associations, it would seem cognitively more economical to mentally r sent many groups or families of combinations in algebraic or verbal term rules, procedures, or principles from which a whole range of combina could be reconstructed. According to this alternative model, "mastery of facts" would include discovering, labeling, and internalizing relations Meaningful instruction (the teaching of thinking strategies) would proba contribute more directly to this process than a drill approach alone. Thus contrast to current models that hypothesize reproductive processes repla (slow) reconstructive processes, the alternative model suggests that so the reconstructive processes involved in learning the combinations origin may continue to operate in adults, though more automatically. Ind internalized rules, procedures, and principles may interact with a networ specific numerical associations to account for efficient production of number combinations. Input from semantic and procedural knowle would affect accessibility, a construct advanced to account for data th not obey simple size-effect rules. In brief, the efficient production of ba number combinations does not seem to be a cognitively trivial proces can readily be promoted by unsophisticated educational practices.
